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We consider a model of modified gravity from the nonperturbative quantization of a metric. 
We obtain the modified gravitational field equations and the modified conservational equations. We 
apply it to the FLRW spacetime and find that due to the quantum fluctuations a bounce universe can 
be obtained and a decelerated expansion can also possibly be obtained in a dark energy dominated 
epoch. We also discuss the effects of quantum fluctuations on inflation parameters (such as slow- 
roll parameters, spectral index, and the spectrum of the primordial curvature perturbation) and 
find values of parameters in the comparing the predictions of inflation can also work to drive the 
current epoch of acceleration. We obtain the constraints on the parameter of the theory from the 
observation of the big bang nucleosynthesis. 

PACS numbers: 04.60.-m; 98.80.-k; 04.90.+e 


I. INTRODUCTION 

A great number of astronomical observations have confirmed that the Universe is experiencing an accelerated ex¬ 
pansion. In the framework of general relativity an unknown energy component, dubbed as dark energy, is usually 
introduced to explain this phenomenon. The simplest candidate of dark energy is the vacuum energy with a constant 
equation of state (EoS) parameter ic = — 1. This model is consistent with most of the current astronomical observa¬ 
tions, but it suffers from the cosmological constant problem [I| and age problem 0 as well. Therefore it is natural 
to consider more complicated cases. The most popular attempt is to propose modifications of the Einstein-Hilbert 
Lagrangian W adopting different functions of the Ricci scalar, known as /(i?) theories, which have been studied 
extensively However, the fourth order field equations in f{R) theories make it is hard to analyze. Analogous to 

f{R) theories, a new scenario based on the modification of the teleparallel gravity, called /(T) theory, was proposed 
to explain the accelerated expansion of the Universe [^, 0 . Recently, it has been shown that one can obtain modi¬ 
fied gravity from Heisenberg’s nonperturbative quantization [lol - [T^ . According to this technique, the classical fields 
appearing in the corresponding field equation are replaced by operators of the fields. Think of general relativity, we 
have the operator Einstein equations 

Gfj,u = Rfiu — ( 1 ) 

where = SttG and we take c = 1. All geometric operators, such as and Rabi are defined in the same 

way as in the classical case by replacing the classical quantities with the corresponding operators 0- Heisenberg’s 
technique offers one possibility to solve this operator equation by average it over all possible products of the metric 
operator g{xi), ...,g{xn) which can be written as an infinite set of equations for all Green’s functions: 


{Q\g(,xi) ■ G^,,\Q) = k'^{Q\g[xi) ■f^,,\Q), (2) 

(3) 

{Q\g{xi) ■ ■■■ ■ ^Xn) ■ Gfj_,,\Q) = k'^{Q\g{xi) ■ ■ g{xn) (4) 

where IQ) is a quantum state 00. This set of equations cannot be solved analytically. Some proximate methods 
to solve them were discussed in Refs 0[il, for example, one can decompose the metric operator into a sum of an 
average metric g^iv and a fluctuating part 5g^„ 0. 
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Assuming {5g^,J) ^ 0 and ignoring high order fluctuations, we expand the Einstein-Hilbert Lagrangian Lg = ^ 7 \/—gR 
in the following manner 

Lg = Lg{g + 6g) Pi Lgig) + j^Sg^''. (6) 

The expectation value of j^Sg^ can be represented as ^ = j^{Sg^ ) = ) [13 ■ Then the 

expectation value of Lagrangian m has the form 

(Tg) ~ 

Similarly, we can expand the quantum Lagrange density as follows 

Lmig + Sg)- {g) + ^g^'' ■ ( 8 ) 

With the aforementioned assumptions, the expectation value of the quantum Lagrange density ([8]) takes the form 0 

{Ll{g + 5g))^^g[L^ + ]^T^A5ri]- (9) 

Therefore the modified Lagrangian density can be written as (for details, see Ref. Eini) 

L = + Gg,i,{5g^’^)^ + -v/^[Lm + -^Tg,v{5g^'^)\ ■ (10) 

In this paper, we will consider the simplest case: {5g^'^) = ag^'^ and derive the equation of motion. Then we 
will investigate the effects of quantum fluctuations of metric on the evolution of the universe. Obviously, if |a| <C 1, 
the modified Lagrangian density (1101) approximates to the Hilbert-Einstein Lagrangian density, namely the model 
of modified gravity proposed here approximates to general relativity. In order to adequately analyze the effects 
of quantum fluctuations on the universe, or in other words, to take seriously the way to modify gravity from the 
nonperturbative quantization of a metric , we will consider all possible values the parameter a can take. 

The paper is outlined as follows. In next section, we will present the modified gravitational field equations and the 
modihed conservational equations. In Sec. Ill, effects of quantum fluctuations on the universe are discessed. Finally, 
we will briefly summarize and discuss our results in section IV. 


II. MODIFIED GRAVITATIONAL FIELD EQUATIONS 

For Lagrangian density (HOD , since has the same symmetry as the metric 5 ^ 1 /, the simplest case is {5g^'^) = 

ag^'’', which was suggested in [^. Therefore Lagrangian density (TTOl) takes the form 

L = Lmg T Lffim = 2^2 Oi)R + \/— —OiT ], (II) 

where T = with = —26{y/^Lyn)/{y/^Sg^'^). Lawangian density (ITT]) may can be rewritten as a 

special type of f{R,T) gravity phenomenologically proposed in [TJ, but here we obtain it basing on theoretical 
considerations and for the first time discuss it in detail. In general, comparing with the classical part of the metric, 
quantum fluctuations are small (|q:| < I), such as in radiation, matter, or dark energy dominated era; however, it is 
possible that quantum fluctuations are large (|q;| > 0) when the system we consider closes to the Planck scale, such as 
in the very early epoch. Varying Lagrangian density with respect to g^'^ and assuming Sgfj,^, = 0 on the boundary, 
we obtain 

(13) 

and 

= TS^/^+^/^6T = -]^gf,uTyf^5g^'' + + 0g,^)5g>^'', 


(14) 
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where 5T/5g^'' = + 6^^ with = g°^l^8Tap/5g^''. Assuming that the Lagrangian density of matter depends 

only on the metric tensor component , not on its derivative, one can easily get = 5 ^ 1 ,Am — 2dL^/dg^'^ and 

.A.. , 1 r o 

~ 9a\gi3a0f^^Lm+ ^g^ugaP^^m f^^gap ^ g^aP Qg^J.l^ ^ 

where (5^^ = 8g^° jbg^'^. Then we have 


^ iiv — g^i/Lui 2T^u 2g 


OL^ 


52 L„ 


dg°^Pdg^^'' ■ 


(16) 


For different matter, O^n takes different form. From equations dm), (USD, and da, we obtain the gravitational field 
equations 


1 p_ 2 fc 2 
A/ijy ~ — Y — (X 


2 (1 T objT^i, ^Q.g^yT + 


(17) 


We can seen that the gravitational constant G and the energy-momentum tensor are modified due to the quantum 
fluctuation of the metric. Because R = —k‘^[T-\-aO/(l — a)], the gravitational field equations (fT7|) can be rewritten as 


Rau — 


2k 


2 r 


1 — a 


1 . . 1 1 ^ 1 ^' 

— (1 -h a)T^^ — -^g^jjT -h -^(xO^u — -^cxg^yO 


(18) 


Taking into account the covariant divergence of Einstein tensor VjyG^'^ = 0, we get for the divergence of the stress- 
energy tensor the equation 


\7^T — _ 

V ^ jw — ^ 

1 + a 


-aV^T-aV^e^, 


(19) 


In other words, if we take into account of quantum fluctuations, the stress-energy tensor are not conserved quantities 
any more. Discussions on the nonconservation of stress-energy tensor can be found in [iM3- Obviously, for small a, 
the effects of quantum fluctuations are weak, Lagrangian density m approximates to the Hilbert-Einstein Lagrangian 
density. In order to adequately investigate the effects of quantum fluctuations of metric on the universe, see, for 
example, for a a ^ 1 , the effects of quantum fluctuations can even approximatively counteract the gravity, it is worth 
considering all possible values the parameter a can take. We will discuss this topic in detail in the following sections. 


III. COSMOLOGICAL APPLICATIONS 


In this section, we apply the gravitational field equations (HZl to a homogeneous and isotropic Friedmann-Lemaitre- 
Robertson-Walker (FLRW) universe with scalar factor a, 


ds^ = dt^ 


a\t) 


dr^ 

l + Kr"^ 


+ r'^{de'^ + siii^Bd(t>'^) , 


( 20 ) 


where the spatial curvature constant K = -|-1, 0, and — I correspond to a closed, flat, and open universe, respectively. 
In the present study, we consider a perfect fluid specified by the stress energy tensor 


Tfj,u = {p + p)Ufj.u„ - g^yp. (21) 

There are different choices for the Lagrangian density of the perfect fluid and all of them leads to the same field 
equations and the stress-energy tensor in the context of general relativity [l^,|23. Two Lagrangian densities, Am = —p 
and Am = p, have been widely used in the literatures |2lM26l | . The matter Lagrangian density as an arbitrary function 
of the energy density of the matter p only has been discussed in [l^ . Here the matter Lagrangian density Am enters 
explicitly the field equations (El) and all results strongly depend on the choice of Am- Following Ref. [ij, we take 
the Lagrangian for matter as Am = —p- The fluid 4-velocity satisfies the condition = I. Then for the variation 
of the stress-energy of a perfect fluid, we get the expression 


- g^^p. 


( 22 ) 
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With T = p — 3p and 9 = 9^ = —2T — Ap = —2{p — p), the piy = 00 component of the gravitational field equations 
(fT51) is 


and equations pv = 00 and pu = \1 together gives 

+ ^ = -r [(2 - 3a)p + ap]. (24) 

d 2(1 — a) 

To investigate the effects of quantum fluctuations of metric on the universe, for simplicity while without losing 
generality here we consider a spatial flat FLRW spacetime. Equations (1^ and (1^ are rewritten as 


d 

a 



2 — 3a ^ a 


2 — (3 — w)a 

3 

2 -2a'^'^ 2-2a^ 

3 

2-2a 


1 

y 2(1-a) 


[p + (3 - 4a)p] 


k'^ r 1 + (3 — 4a)w 
~~6 1-a 


(25) 

(26) 


For three cases: (1) re = 0 and a > 1, (2) 0 < u> < 1 and 1 < a < | + (3) w < 0 and a < | + ^ or a > 1, we 

have d > 0, an accelerated expansion can be obtained. For a = | + ^, a constant-speed expansion is obtained. For 
other cases, decelerated expansions are obtained. 

Contracting equations (HU) with u^, we obtain 

= p + 3Hip + p), (27) 

= p-3p, (28) 

= -2[p + 3H{p + p)]-p. (29) 

The modified conservation equation HU) takes the form 


(1 —-a +-wa)p +-apw = 3{a — 1)H p{l + w). 


(30) 


For a = 0, equations (l25ll . (1261) . and (13(1 reduce to the standard forms. 

Now we investigate the effects of the quantum fluctuation of metric on the very early universe, inflation, the 
radiation-dominated, the dust-dominated, or the dark energy dominated epochs. 

We first consider the effects of the quantum fluctuations on the very early universe. In this era, it is possible that 
the quantum fluctuations may be large. From equations (1^51) and (P^ . we find that H = 0 and H > 0 will be satisfied 
for a = 2/(3 — ru) and — 1 < ic < 0 (implying 1/2 < a < 2/3), namely a bounce universe can be obtained, which can 
not be realized in general relativity with the same matter. 

Secondly, we discuss the effects of the quantum fluctuations on inflation. We consider a scalar field (j), which has 
the energy density, p = + V{(j)), and the pressure, p = — E((/)). The conditions for slow-roll inflation are: 

(jP V{(j)) and <C dV{(j))/d(j). Therefore, equations (1251) and (|3(1 take the form, respectively 


3HP 


1 - 2a 
y 1-a 


V{P), 


1 - 2a dVip) 
1 — a dfj) 


(31) 

(32) 


Comparing with the standard equations of inflation, an additional factor appears due to the quantum fluctuations 
of the metric, which may have effects on the process of the inflation. Condition > 0 gives: a > 1 or a < 1/2. 
The two slow-roll parameters are modified as, respectively 


CM 


1 - 2a 
1 — a 
1 — a 


(33) 


m = 


l-2a 


V, 


(34) 
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where e = 24 ^ ("^j ^ ^ standard slow-roll parameters. The spectral index and the spectrum 

of the primordial curvature perturbation are modified as, respectively 


«sM = 1 — Scm + 2r7M 
Pnu 


1 - 6 


1 - 2a 


1 — a 


1 — a 
1 - 2a 


1 — a 
l-2a 


Pti, 


(35) 

(36) 


where Pji is the standard spectrum. Due to the quantum fluctuations of the metric, modified r/u and Pkm are larger 
than the standard ones for 0 < a < 1/2 or a > 1 and are smaller than the standard ones for a < 0, while cm changes 
on the contrary. 

According to the Planck 2015 results, the spectral index of curvature perturbations is constrained as rig = 1 — 6e -I- 
2r/ = 0.968±0.006 [l^. Here we take e = 0.01 and 77 = 0.014 for quantitative analysis. From equation (l3^ and taking 
a = 0.01, we get tIsm = 0.965 and P-jim = 1-OIP-r,; taking a = —0.01, we have Usm = 0.963 and F-jim = 0.99Ftz. All 
these results are consistent with the Planck observations. 

For a constant EoS, equation (I5(l)l takes the form 

3 1 

(1 — -a -I- —wa)p = 3(a — 1)(1 -I- w)Hp, (37) 


which can be integrated as 


6(a-l)(l + ,„) 

p = poa 2 - 3 <»+™<» 


(38) 


For a radiation-dominated epoch, w = 1/3, from equation (IM)l we get 

12(ct-l) 

p = Poa 3-40 , (^39) 

It reduces to the standard evolution of radiation: p = poa~‘^ for a = 0. If 1 < a < 3/2, namely, the quantum 
fluctuations are large, the expansion of the universe will be accelerated even in a radiation-dominated period. However, 
it can be expected that the quantum fluctuations in the this era should be very small. Taking a = 0.01, it is easy to 
get p = poa~'^~^ ~ PoO'~'^- Taking a = —0.01, we have p = poa~'^^^ ~ PoO'~'^- 

From equation ([25]), the quantum fluctuations of metric could lead to a non-standard, early universe expansion rate 
H', whose ratio to the standard rate H is parameterized by an expansion rate factor S = H'/H. The modification 
of expansion might also arise due to additional light particle such as neutrinos which would make the ratio to be 
H'/H = [1 -I- 7{Ni, — 3)/43]^/^. Here we are interested in the modifications coming for the quantum fluctuations of 
metric and take Ni, = 3. As well know, the big bang nucleosynthesis (BBN) provides very stringent constraints on 
the evolution of the early universe [281 - 1)^ and has been used to test cosmological models (for example, see references 
[ 3 ^ 44 ^ 1 . From equations (1251) and (IMll and taking 0.85 < s < 1.15 [s^, we find the parameter a is constrained as 
-0.141 < a < 0.09 or 1.000025 < a < 1.000046. 

For a dust-dominated epoch, w = 0, equation (|38l) reduces to 

6(o!-1) 

p = Poa 3-3<» . (40) 


We get the standard evolution of dust: p = poa~^ for a = 0. If a > 1, in other words, the quantum fluctuations are 
large, we find that the expansion of the universe will be accelerated even in a dust-dominated period. However, it 
also can be expected that the effects of quantum fluctuations in the this epoch are very small. Taking a = 0.01, we 
get p = poa~^~T^ ~ poa~^. Taking a = —0.01, it is easy to have p = poa~^^^ ~ poa~^. 

Now we consider an era dominated by dark energy (about 70%) and dark matter. The total EoS {w = DdoWdo 
where Ddo and wdo are respectively the present values of the dimensionless energy density parameter and the EoS of 
the dark energy) must be larger than that of dark energy which is close to —1 according to the Planck observations 
[ 13 , the quantum fluctuations must be smaller than the classical metric |q;| < 1. In order to obtain an accelerated 
phase, we also have to have a < | + ^- We take w = —0.7 and a = 0.01 for approximate estimation. For these 

values of parameters w and a, we easily get p ~ and | = \ ^^P > 0. Taking w = —0.7 and a = —0.01, 

we have p ~ and | = > 0. 

For a dark energy dominated epoch, assuming a constant EoS, it is possible to obtain a decelerated expansion for 

I -I- ^ < a < 1 due to the quantum fluctuations of metric. See, for example, taking w = —9/10 and 17/36 < a < 1, 
6 ( 0 - 1 ) .2 
we get p = and a/a = — — 


17-36a 


6 ( 0 - 1 ) 


p < 0; taking w = —11/10 and 23/44 < a < 1, we get p = poa~'^°+'^^ 


and d/a = — 


23-44a 

lO(l-a) 


lO(l-a) 

p < 0 , meaning that a decelerated expansion can be obtained in both cases. 
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IV. CONCLUSIONS AND DISCUSSIONS 

We have considered a model of modified gravity from the nonperturbative quantization of a metric. We have derived 
the equations of the field and have applied it to the FLRW spacetime. We have investigated the effects of quantum 
fluctuations of metric on the very early universe, inflation, radiation-dominated, dust-dominated, and dark energy 
dominated epochs. Due to the quantum fluctuations, it is possible to obtain both a bounce universe and a decelerated 
expansion in a dark energy dominated epoch for a = 2/(3 — w), —l<w< —1/3, and | -I- ^ < a < 2/3. We have 
discussed the effects of quantum fluctuations on inflation parameters, such as slow-roll parameters, spectral index, 
and the spectrum of the primordial curvature perturbation. Values of a (|a| < 1 and a <min{l, | -|- ^}) comparing 
the predictions of inflation can work to drive the current epoch of acceleration. If the quantum fluctuations are large, 
a accelerated expansion can be obtained even in a radiation-dominated or dust-dominated epoch (of cause, in fact, 
these two accelerated phase can not happen because the quantum part of the metric is small in these two era). We 
applied BBN to constrain the parameter and found it should satisfy —0.141 < a < 0.09 or 1.000025 < a < 1.000046 
to avoid conflicts with observations. Studies on the model proposed here, such as constraints from other astronomical 
observations or particle rate creation (see, for example, some related researches [dvl - lh^ l. can be considered in the 
coming progresses. 

Other cases, such as {5g^'^) oc or , are also worth discussing in future studies. 
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